The azimuthal asymmetry of heavy quarks production on double polarized proton-proton and proton-antiproton colliders are studied in this work at next-to-leading order level, with some details included. The purpose is to see whether the effect of extracted transversity distribution functions can be seen on present and near future colliders. All one-loop hard coefficients are presented analytically. Numerical results for the asymmetry on RHIC( √ S = 200, 500GeV) and GSI( √ S = 14.7GeV) experiments are also given.
I. INTRODUCTION
Transversity distribution function of quark is one of three twist-2 parton distribution functions(PDFs), which reflects the spin structure of proton [1] . Compared with other two PDFs, the extraction of transversity PDF is much more difficult. Due to its chiral-odd nature, it must convolute with another chiral-odd distribution function to form an observable. Through many years of efforts, now the transversity PDFs in valence region are available. There are two independent extraction formalisms in literature: One is based on transverse momentum dependent(TMD) factorization formalism, for which one has to determine Collins function at the same time [2] , [3] , [4] ; Another one is based on collinear formalism, with Di-hadron fragmentation functions as input [5] . Within uncertainty range the results of these two formalisms are in agreement. In both schemes sea transversity cannot be determined at present. On the other hand, double spin asymmetry(DSA), including double polarized Drell-Yan, single jet or photon production (see e.g., [1] , [6] [7] [8] [9] [10] [11] [12] [13] ) has been proposed for a long time to extract transversity distributions. On proton-proton colliders, such as RHIC [14] , DSA is proportional to sea quark transversity, which is expected to be small since gluon has no transversity. According to the estimate in [6] , [11] for example, DSA on RHIC is at most percent level in relevant kinematical regions. Although very difficult, it is not hopeless to see the effects of transversity on RHIC. Besides these processes, the heavy quark(such as bottom) production on RHIC has a very high rate, thus may provide some opportunities to see the effect of sea transversity or give a bound to sea quark transversity. On the other hand, the proposed GSI experiments [15] , including Drell-Yan, with polarized anti-proton beam is very interesting and important for testing the extracted valence transversity distributions. As an important background to polarized Drell-Yan, heavy quark production has to be known. In this work, we would like to study the production rate of single inclusive heavy quark in hadron-hadron collision with the initial two hadrons transversely polarized. The result may help to check extracted transversity PDFs.
The structure of this paper is as follows: In Sect.II, we make clear the kinematics and notations; in Sect.III, we give our formalism to get the factorization formula for polarized cross section and give tree level result; in Sect.IV, we present virtual and real one-loop corrections and the subtracted result. Some details for the reduction and calculation scheme of real correction will be given;in Sect.V, the numerical results on RHIC and GSI are described and Sect.VI is our summary.
II. KINEMATICS AND NOTATIONS
The process we study is A(P A , s a⊥ ) + B(P B , s b⊥ ) → Q(p 1 ) + X,
where Q is the heavy quark, i.e., bottom or charm. P A , P B and p 1 are the momenta of corresponding hadrons; s a⊥ and s b⊥ are the spin vectors of initial hadrons. We will work in the center of mass system(cms) of initial hadrons, in which A is moving along +z-direction and the spin vectors s a,⊥ , s b⊥ are perpendicular to z-axis. Light-cone coordinates are adopted in this work, i.e., for any four vector a µ , its components are denoted as a µ = (a + , a − , a µ ⊥ ), with a ± = (a 0 ± a 3 )/ √ 2. This notation is suitable for perturbative calculation. The PDFs with transversely polarized spin-1/2 hadron are[1]
where ij represent Dirac-and color indices, k + a = xP + A . The spin independent part f 1 (x) is the usual unpolarized PDF, while spin dependent part h 1 (x) is transversity PDF. This definition is for quark. Anti-quark PDFs are obtained by charge conjugation transformation, that is,
Since heavy quark mass is a hard scale, perturbative QCD can be applied. The differential cross section for single heavy quark inclusive production can be written as a factorized form, for which we will give a simple derivation in next section. The spin dependent part of differential cross section is factorized as
where h i 1 is the transversity distribution of parton i in parent hadron. i can be quark or antiquark here.Ŵ s is spin dependent hard coefficients. µ in PDFs and hard coefficients is renormalization scale, which appears because the operator definitions in eqs.(2,3) contain a ultra-violate(UV) divergence. Spin independent cross section is obtained by changing h 1 (x, µ) to f 1 (x, µ) andŴ s toŴ , which is spin independent hard coefficient.
The hard coefficients are give by subprocess
with X particles undetected. The spin independent hard coefficients have been calculated to next-to-leading(NLO) in α s expansion for a long time [16] , [17] , [18] . But for spin dependent part the NLO correction is still missing. In the following we adopt the notation of [16] to present the hard coefficients. That is,
The mass of detected quark is m, which is declared from the charm and bottom masses m c,b appearing in virtual loops. With this notation, the hard coefficients will be functions of s, τ 1 , τ x , ρ. The allowed kinematical region is given by τ x ≥ 0. For Born process, q(k a , s a ) +q(k b , s b ) → Q(p 1 ) +Q, we have τ x = 0. With real radiation included in cross section, τ x can be larger than 0. Since 0 < x a,b < 1, the integration bounds for x a,b in factorization formula eq.(4) derived from τ x ≥ 0 is
For convenience, we have introduced similar notations for hadron variableŝ
The azimuthal asymmetry is defined as
so that the numerator depends on transversity h 1 only and the denominator depends on unpolarized distribution f 1 only. A N depends on the azimuthal angle φ of detected quark in center of mass frame of P A , P B . 
III. FORMALISM AND TREE LEVEL RESULT
Since heavy quark mass m ≫ Λ QCD , m can be taken as a hard scale. In heavy quark production with definite transverse momentum p 1⊥ , we always demand p 1⊥ not so small to avoid complicated threshold effects. In our case, we demand p 1⊥ > m. The hard scale now is E 1⊥ = p 2 1⊥ + m 2 . Under high energy limit, i.e., E 1⊥ ≫ Λ QCD , collinear partons give leading power contribution in the expansion of Λ QCD /E 1⊥ [19] . Fig.1 gives the leading region for this process, where the momenta of partons k a , k b are collinear to external momenta P A , P B , respectively. That is,
According to the leading region as shown in Fig.1 , we have
where ij, mn are color and Dirac indices of partons, and H mn ij is the hard part which includes the phase space integration for final particles. Since k a⊥ , k b⊥ are much smaller than E 1⊥ in H mn ij , they can be ignored at leading power level. This gives twist-2 hard coefficients. After this approximation, k a⊥ , k − a and k b⊥ , k + b can be integrated over in distribution functions, which results in
withŴ
The ⊗ means we use Γ a and Γ b to replace the upper and lower bubbles in Fig.1 . Note that we work in dimensional scheme for both ultra-violate(UV) and infra-red(IR) divergences, with space time dimension n = 4−ǫ. Unless declared explicitly, 1/ǫ can be UV or IR poles. Now recall that s a,b are transverse and linear inŴ , i.e.,
Besides s a⊥ , s b⊥ ,Ŵ s depends on only one transverse momentum p 1⊥ , i.e., the transverse momentum of detected heavy quark(or anti-quark). The general decomposition of W αβ is
FIG. 2. Virtual corrections to the amplitude, where the bubbles in (a,b) represent vertex insertion and the bubble in (e) represents the insertion of gluon self-energy. Self-energy insertion to external legs is not shown but included in the calculation.
Note that there is no anti-symmetric ǫ−tensor in the decomposition because γ 5 appears in pair in the trace. With these two structure functions F 1,2 , the spin dependence becomeŝ
Since only two structure functions F 1 , F 2 are relevant for dynamics, we can choose the polarization states of initial states in two configurations: 1)s a⊥ s b⊥ ; 2)s a⊥ ⊥s b⊥ . The corresponding azimuthal angle distributions arê
where φ is the angle between p 1⊥ and s a⊥ . For the case s a⊥ ⊥ s b⊥ , the relative angle between s b⊥ and s a⊥ is π/2, i.e., φ(s b ) − φ(s a ) = π/2. Now it is interesting to see that cos(2φ) and sin(2φ) asymmetries are the same. This is not obvious. In the following we only consider the case with s a⊥ s b⊥ . Moreover, in our calculation we find ǫF 1 and F 2 can be ignored, because they are O(ǫ) after renormalization and collinear subtraction. With the formulas above, tree level hard coefficients can be obtained very easily. The subprocess is→ QQ, and the results are
As we can see F 2 is O(ǫ). At one-loop level, F 2 can develop a finite part, but this part will be removed after renormalization and collinear subtraction. As a result, F 2 has no finite contribution even to one-loop level. In all, tree level polarized cross section( s a⊥ s b⊥ ) is
with F 1 given in eq. (19) . To one-loop level, hard coefficient F 1 can be written in a neat way as done in [16] , i.e.,
with plus function standard one [16] . We will organize the polarized cross sections in this way.
IV. ONE-LOOP CORRECTION

A. One-loop virtual correction
All diagrams appearing in virtual correction are shown in Fig.2 . Self-energy insertions to external lines are trivial and not shown, but included in our calculation. The treatment of massive fermion loop in gluon self-energy, i.e., Fig.2 (e) should be mentioned here. There are mainly two UV subtraction schemes in literature. One of them is zero-momentum subtraction used in [16] , the other is the usual MS scheme. Generally, gluon self-energy correction is written as
Due to gauge invariance, B(k 2 ) = 0, which is confirmed by explicit calculation. The form factor A(s = k 2 ) is
Instead of the usual MS subtraction, A(s) in [16] is subtracted at s = 0. Since we want to use the hard coefficients of [16] for unpolarized cross section in MS-scheme, we have to work out the difference, which is defined as
Since only −g αβ k 2 A(k 2 ) in Π αβ contributes to the amplitude, the difference is proportional to Born result. For bottom production, charm is taken as massless and n lf = 4 in [16] , the difference is
For charm production, bottom is not included in fermion loop and n lf = 3 in [16] , the difference is
The calculation of other diagrams is very straightforward. The tensor integrals are reduced by FIRE [20] . The resulting scalar integrals are standard, and are given for example in [21] , [17] . An interesting point for FIRE reduction is we have to calculate bubble and tadpole integrals to O(ǫ), rather than O(1). The reason is some IR divergent scalar integrals will also be reduced into bubble and tadpole integrals in FIRE due to integration by part relations(IBPs). The IR pole 1/ǫ IR therefore appears in the reduced coefficients. Thus, in order to get O(1) hard coefficients, one has to calculate bubble and tadpole to O(ǫ). For convenience, we list involved bubble and tadpole integrals in appendix.
Before renormalization, the divergent parts of polarized partonic hard coefficients extracted from our full results are
with B = ρ + 4τ 1 (τ 1 − 1) and n F = 3 the number of light fermion flavors. N 1,2,3 are color factors
The finite parts are too complicated and cannot be shown here. In the appendix, the final hard coefficients after renormalization and subtraction are put in mathematica files. An illustration for these files is given in Appendix.D.
B. One-loop Real correction
Real correction is given by the module squared of the diagrams in Fig.3 . For heavy quark production with definite p 1 , the general formula for real correction is written
where M is the amplitude in Fig.3 . Clearly, the integration above is standard 2-particle phase space integration. Due to this feature real correction can be identified as the absorptive part or cut amplitude of following forward scattering
The intermediate state is |Q(p 2 ), g(k g ) . Then, the involved cut tensor integrals can be reduced to scalar ones in the same way as uncut tensor integrals [22] . FIRE [20] with integration by part relations incorporated is a particularly suitable tool for this purpose. After reduction, there are only six types of master integrals, which are shown in Fig.4 . The general form of the master integral is
where N 1 , N 2 are denominators of uncut propagators. Like uncut one-loop integrals, these I r integrals are in the standard form, i.e., i 1,2 = 0 or 1. To calculate I r it is convenient to work in the frame with q = 0, where q = k a + k b − p 1 . First, the energy of gluon k 0 g can be integrated out by using the two delta functions. Then,
with k 0 g = sτ x /(2q 0 ) and q 0 = √ m 2 + sτ x . dΩ n−1 is the angular integration measure for k g , which is defined in n − 1 = 3 − ǫ dimensional space. I r may contain collinear and soft divergences. To simplify the calculation, we want to separate these two kinds of divergences. This is possible, since soft divergence corresponds to the singularity at τ x = 0. If I r is singular under soft limit τ x → 0, N 1 or N 2 must be proportional to k 0 g . Then, k 0 g can be extracted from N 1 or N 2 . This implies we can define an integralĨ r , which is regular under soft limit, that is
The power k is chosen so thatĨ r is finite but nonzero at τ x = 0. In this way, collinear divergence is included inĨ r and soft divergence is given by the expansion of τ −1−ǫ x , i.e.,
The plus function is defined in standard way [16] .
The angular integralsĨ r can be classified into six types, i.e., R i defined in eq.(34).
with | a| = | b| = | k g | = 1 and w = 1/| a − b|, and ∆ > 1, δ > 1. In the appendix, most R i functions are calculated to O(ǫ), by making use of Feynman parameters. The results are compared with the known results in [17] . Numerically, they are precisely the same. This is a check of our calculation. Still, a subtle issue with FIRE reduction should be mentioned. Some IR divergent integrals can be reduced to IR finite integrals with coefficients proportional to 1/ǫ. Thus, the IR finite integrals must be calculated to higher order of ǫ. In our case forscattering, the combination R 6 τ −1−ǫ x /ǫ appears in the reduced result. To get correct finite contribution, R 6 , i.e., pure 2-particle phase space integration, must be calculated to O(ǫ 2 ). The result is
.
The total real correction is very complicated and are given in a mathematica file. However, the extracted soft part can be presented. For real correction, soft contribution is proportional to δ(τ x ) and can be given by eikonal approximation. Thus, we expect the soft contribution is universal and does not depend on the polarization of initial quarks. [18] gives such soft contribution explicitly for unpolarizedscattering. With the real soft correction for polarizedscattering extracted from [18] , the polarized hard coefficient h
with
We have checked that this result, including finite part, is totally the same as our result, which is a strong check for our reduction and calculation scheme.
In hard coefficients h p and h l , τ x is nonzero. Since τ x represents the energy of final gluon, this means the gluon is not soft. Thus in h p only collinear divergence exists, which can be inferred from the subtraction term and does not need to be shown again. Clearly, h l = (−ǫ)h p , thus h l is obtained from the divergent part of h p .
C. Subtraction and Final result
To get the true one-loop contribution, we have to subtract collinear contributions from each diagram [23] . The subtraction is realized by following replacement in tree level hadronic cross sections eq.(20),
The UV pole 2/ǫ UV is removed by renormalization(in MS-scheme) of bare transversity distribution which appearing in tree level cross section. Then only IR pole should be preserved. The final subtraction term is
with z a = τ 2 /(1 − τ 1 ), z b = τ 1 /(1 − τ 2 ). The logarithm before δ(τ x ) comes from the variable transformation of plus function [16] ,
Note that the subtraction terms have no explicit ln µ. Besides subtraction, UV renormalization for hard part should be done. For heavy quark mass we adopt pole mass scheme, and for other UV divergences we remove them by adding counter terms(c.t.) in the usual MS scheme. Wave function renormalization for external lines is also done in MS scheme. The wave function renormalization constants for massive and massless fermions are
After UV c.t. are added and wave function renormalization is done, we complete renormalization and get dσ R . The final hard coefficients are given by dσ R − dσ sub . It is confirmed that the final hard coefficients h d , h p , h l are finite, and the total cross section is µ independent up to O(α 4 s ). Especially, the unpolarized cross section fromchannel is also calculated by using the same program and the hard coefficients in zero-momentum subtraction scheme are compared with [16] . Numerically, the two results are totally the same. This is a strong check to our calculation. Our one-loop hard coefficients are stored in mathematica files, which can be obtained from author.
V. NUMERICAL RESULTS
We have known the asymmetry A N (φ) is proportional to cos 2φ or sin 2φ for the cases s a⊥ parallel or perpendicular to s b⊥ . Thus it is useful to define azimuthal angle integrated asymmetry A N as
with Σ T and Σ defined as the φ independent part of dσ s and dσ, i.e.,
The numbers in the tables of Appendix are for A N rather than A N (φ) in eq.(9). There is a charge asymmetry between heavy quark production and antiquark production at one-loop level. But this asymmetry for unpolarized cross section is much smaller than charge average, and for polarized cross section it is at least one order smaller than corresponding charge average. In all numerical results, only charge average is shown.
For valence transversity distribution functions, various groups give similar results [2] [3] [4] [5] . We take valence transversity in [3] as a reference. For sea transversity, because there is no reliable extraction up to now, we just make an assumption that at a very low energy scale, sea transversity distributions are the same as sea helicity distributions [6] , [10] , [11] .
Here the low energy scale is taken as Q 2 0 = 2.4GeV 2 . Helicity distribution functions are taken as DSSV type [24] , [25] . Since Soffer's bound [26] always leads to unexpectedly large sea transversity, we do not use it in the estimates.
The NLO hard coefficients of unpolarized cross section is taken from [16] . NLO MSTW2008 PDFs [27] and corresponding NLO α s are adopted in the calculation of unpolarized cross sections. For polarized cross section, we are just able to use LO evolution for both transversity PDFs and α s . From our numerical result, the scale dependence of polarized cross section is less than unpolarized ones, thus NLO evolution seems not necessary.
All calculation, including evolution of parton distribution functions and strong coupling, are done in MS-scheme. Near threshold, perturbative calculation is not reliable. To avoid such a difficulty, we let minimum of transverse momentum be greater than the mass of detected heavy quark. Renormalization scale is taken as standard one, µ = µ 0 = E 1⊥ . The scale uncertainty is estimated by varying renormalization scale µ from µ 0 /2 to 2µ 0 . For charm production on GSI with E 1⊥ = 3.0GeV, the lower µ is taken as √ 2.4GeV, which is the initial scale of extracted transversity distribution functions [3] . The uncertainty of PDFs are not taken into account. In all cases, we assume the polarizations of initial hadrons are 1, i.e., |s a,b⊥ | = 1.
A. pp collider
Our results for cross sections and A N are listed in Appendix.C. Both polarized and unpolarized cross sections are for charge average of heavy quark and anti-quark. To be measurable on RHIC, A N should be larger than 0.001, due to the systematic uncertainty in experiment [11] . However, from our result about RHIC √ S = 500GeV and √ S = 200GeV, the asymmetry A N is of order 10 −4 in most kinematical regions. The suppression mainly comes from gg-channel contribution in unpolarized cross section, which is usually one order larger than qq-channel contribution. Really, A N increases with increasing E 1⊥ , but very slowly. For √ S = 200GeV, only when E 1⊥ = 30GeV, A N can reach 0.001. For √ S = 500GeV, higher E 1⊥ is needed. Since Σ and Σ T decay very fast with increasing E 1⊥ , the statistic error may be a problem in this region. Thus on RHIC single inclusive heavy quark production is not helpful to see the effect of sea transversity, unless the magnitude of sea transversity is much larger than sea helicity distribution functions or precise measurement in high E 1⊥ region(E 1⊥ > 30GeV) can be performed.
B. pp collider
The polarized anti-proton program was proposed by PAX collaboration of FAIR at GSI [15] . The main purpose is to measure double transversely polarized Drell-Yan. There are collider and fixed target schemes. In collider scheme, the momentum of polarized anti-proton can reach 15GeV/c, and the momentum of polarized proton can reach 3.5GeV/c. In fixed target scheme, the momentum of polarized anti-proton can reach 22GeV/c. In these kinematical regions, charm can be produced. Since in Drell-Yan the invariant mass squared of virtual photon is Q 2 = 4, . . . , 100GeV 2 , charm lepton decay will become an important background. On the other hand, charm production itself can be served as a probe of transversity.
In our numerical results, we list only collider result in the center of mass system(cms) of pp, with S = 216.4GeV 2 or √ S = 14.7GeV. We choose E 1⊥ = 3, 4, 5, 6GeV and y = 0.0, 0.3, · · · .
The obtained asymmetry is very sizable. For most cases, it is about 10%. For fixed rapidity, A N increases with increasing E 1⊥ . When E 1⊥ = 6GeV, the asymmetry can even reach 20%. However, the unpolarized and polarized cross sections at this scale are of order 10 −2 and 10 −3 pb, which are too small for the luminosity of GSI(about 0.43/pb each day [15] ). For fixed transverse energy, the asymmetry decreases with the increasing of rapidity, thus the largest asymmetry is in transverse direction in cms of initial hadrons. We also notice that renormalization scale dependence of A N in low E 1⊥ region is larger than high E 1⊥ region. Actually, the uncertainty of asymmetry should satisfy
When E 1⊥ = 5, 6GeV, both ∆Σ T /Σ T and ∆Σ/Σ are large, but they cancel each other, which leads to a smaller ∆A N . When E 1⊥ = 3, 4GeV, ∆Σ T /Σ T actually is very small. The main uncertainty of A N comes from unpolarized cross section. For RHIC with √ S = 500GeV, in the kinematical region we considered, ∆Σ/Σ is large, and ∆Σ T /Σ T is always smaller than ∆Σ/Σ, then the asymmetry always has a relatively large scale uncertainty. Thus, if we want to reduce the uncertainty of A N in low or medium E 1⊥ region, it is much better to use two-loop result for unpolarized cross section. In low transverse energy region, such as E 1⊥ = 3GeV on GSI, the polarized cross section Σ T is of order 100pb/GeV 2 . The observation of azimuthal asymmetry is very promising.
VI. SUMMARY
In this work, we have calculated one-loop QCD correction to single heavy quark inclusive production on double transversely polarized colliders. The analytic results are obtained. The reduction and calculation scheme is very efficient, and we just need to calculate six very simple angular integrals. Soft and collinear divergences in real correction can also be separated very easily in our scheme. As a check, we also use our program to calculate the unpolarized cross section fromchannel, and numerically, the obtained hard coefficients are the same as known results in literature [16] , [18] . With the analytic results, numerical estimates on RHIC and GSI are obtained, with the assumption that sea transversity distribution is equal to sea helicity distribution at a low energy scale. On RHIC, in order to see the effect of sea transversity, the transverse energy of final heavy quark(bottom) should be larger than 30GeV for √ S = 200GeV and higher for √ S = 500GeV. For future GSI experiments, charm production is very useful to check the extracted valence transversity. At E 1⊥ = 3GeV, the asymmetry is of order 0.1 and even polarized cross section can be over 100pb/GeV 2 for fixed transverse energy and rapidity. Improvement on scale dependence can be made by using two-loop result for unpolarized cross section. In addition, double transverse spin asymmetry of Drell-Yan process is a central issue for future GSI experiment. As an important background, our analytic result for heavy quark production may be very helpful to determine the cross section of polarized Drell-Yan process.
2.
b(s, 0, 0) =
3.
b(s, m, m) =
4.
Appendix B: Real integrals
The real integrals defined in eq.(34) are given here. R 3 is calculated to O(1), and R 6 is calculated to O(ǫ 2 ). Others are calculated to O(ǫ). All are checked by making use of the formulas in [17] . Numerically, the two results are precisely the same. R i are organized as follows:
The explicit expressions are 1. R 1 (w) :
3. R 3 (δ, ∆, w) :
6. R 6 :
Numerical results on RHIC and GSI are listed in following tables. RHIC is for bottom production and GSI for charm production. gg,gq,qq mean the unpolarized cross sections from corresponding channels. Σ, Σ T and A N are defined in text. Total energy of collider and transverse energy of detected heavy quark are indicated in the first cell of each table. For each rapidity and each cross section, there are three numbers, which correspond to different choice of renormalization scale µ. The central number is obtained with µ = µ 0 = E 1⊥ . The upper and lower ones are given by µ 0 /2 and 2µ 0 , respectively. For the case E 1⊥ = 3GeV, µ 0 /2 is replaced by • hL: h
(1) l (τ x , τ 1 , ρ).
Some parameters are introduced to give results in different schemes. In MS-scheme, tep = 1, tct = 0, nc = nb = 1, nF = 3.
In zero-momentum subtraction of [16] , for bottom production, tep = 1, tct = 1, nc = 0, nb = 1, nF = 4.
and for charm production, tep = 1, tct = 1, nc = 1, nb = 0, nF = 3.
Other parameters are common, which are color factors and kinematical variables:
An example is given for unpolarized hard coefficients.
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